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Ž   .For any pair n , k of positive integers we produce a strongly Z -graded ring R2
such that the identity component R has invariant basis number while the0
Ž   .basis-number type of R is n , k . Using different methods, for any pairs of positive
Ž . Ž   .  integers n, k and n , k having n  n and k  k we produce a strongly Z -graded2
Ž .ring R such that the basis-number type of R is n, k while the basis-number type0
Ž   .of R is n , k .  2001 Academic Press
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 In 6, Problem 1 the following question is posed: If R is a G-strongly
graded ring with G a finite group, is it true that the identity component of R
has IBN if and only if R has IBN? In this note we answer this question in
the negative.
We recall some terminology. The ring R is said to be graded by the
group G in case R R as abelian groups, in such a way thatggG
R  R 	 R for all g, hG. R is strongly graded by G in case R  Rg h g h g h
 R for all g, hG. If R is a unital ring with the property that for anyg h
pair of positive integers n and n , the free left R-modules Rn1 and Rn21 2
are isomorphic if and only if n  n , then we say R has inariant basis1 2
Ž .number or simply IBN . Many classes of rings have IBN, including all
commutative rings and left noetherian rings. The IBN property is not in
general a Morita invariant of a ring. It is easy to show that the IBN
property is leftright symmetric. If the ring R does not have IBN, then
there is a smallest positive integer n for which there is an isomorphism of
left R-modules Rn
 R p with p  n. We choose p minimal with this
property for n and write p n k with k  0; then we say that R has
Ž . Ž .basis-number type or simply type n, k . It is straightforward to show that
for any ring, the ‘‘left’’ type equals the ‘‘right’’ type.
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A useful computational result regarding types of rings is given in 3,
 Theorem 2 . Specifically, suppose T and T are rings with identity, the type
Ž .  Ž  .of T is n, k , and the type of T is n , k . If there exists an identity-pre-
serving ring homomorphism from T to T , then n n and k  k. In
particular, for any unital group-graded ring R, if the type of the identity
Ž . Ž  .component R is n, k and the type of R is n , k , then applying thise
result to the subring inclusion R  R yields that n n and k  k.e
Ž   .In Theorem A we show that for any type n , k of non-IBN ring there
exists a strongly Z -graded ring R such that the identity component R2 0
Ž  .has IBN while the type of R is n , k . Using different methods, we prove
in Theorem B that all possible configurations allowed by the condition
described in the previous paragraph indeed occur for strongly Z -graded2
Ž . Ž  .rings. Specifically, for any pairs of positive integers n, k and n , k
having n n and k  k, there exists a strongly Z -graded ring R such that2
Ž . Ž   .the type of R is n, k while the type of R is n , k .0
Ž  .THEOREM A. Let n , k be any pair of positie integers. Then there exists
Ž   .a ring R of type n , k such that R is strongly graded by Z and R has IBN.2 0
Proof. The construction is based on the realization result of Bergman
 1, Theorem 6.2 . The line of investigation was prompted by a suggestion
Ž . Ž .by Goodearl. We consider the abelian monoid M, with identity 0
 4presented by generators u, w, x, y and relations
n u x  n k u x , u y x , and u x w.Ž . Ž . Ž .
Because none of the given relations has 0 as its right- or left-hand side, if
a, bM and a b 0 then a b 0. Similarly, it is easy to see that for
each aM there exists cM such that a c tu for some positive
 integer t. Thus M satisfies the hypothesis of 1, Theorem 6.2 , with u
acting as the ‘‘distinguished element.’’ As a result, there exists a ring T
Ž Ž .  . Ž .with the property that p T , , T is isomorphic to M,, u as monoids
Ž .with distinguished elements, where p T denotes the semigroup of isomor-
phism classes of finitely generated projective left T-modules.
We let U, W, X, Y denote the projective left T-modules corresponding to
the monoid elements u, w, x, y, respectively. Using the usual matrix de-
Ž .scription of endomorphism rings and writing maps on the right , we have
End U Hom U, XŽ . Ž .T TR End U X 
 .Ž .T ž /Hom X , U End XŽ . Ž .T T
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 4Thus R is graded by Z  0, 1 , where2
End U 0Ž .TR 0 ž /0 End XŽ .T
0 Hom U, XŽ .Tand R  .1 ž /Hom X , U 0Ž .T
The relations u y x and u x w in M yield that U is a direct
summand of X and that X is a direct summand of U as left T-modules. As
Ž .a result, any element of End U factors through X, and any element ofT
Ž .End X factors through U. This implies that R is in fact strongly gradedT
by Z .2
Ž .a Ž .bClaim. If a, b are positive integers such that U X 
 U X as
   Ž .left T-modules, then a n , b n , and k  a b .
Ž Ž . . Ž .By the isomorphism between p T , and M, , we only need to
Ž . Ž .show that the equation a u x  b u x in M yields the desired
 4conclusions. Let  denote the monoid presented by the generator g with
 Ž  . relation 2n g 2n  2k g. In particular, for any positive integers s, s
     Ž .we have sg s g in  if and only if s 2n , s  2n , and 2k  s s .
Now define the semigroup homomorphism  from M to  by linearly
Ž . Ž . Ž . Ž . Žextending  u  g,  x  g,  y  0, and  w  0. It is easy to
check that the appropriate relations are satisfied in ; for instance,
Ž .  Ž  . Ž  .Ž . .n g g  2n g 2n  2k g n  k g g . Now suppose that
Ž . Ž . Ž .a u x  b u x in M. Then by applying  we get a g g 
Ž .b g g , so that 2 ag 2bg, which by the definition of  yields that
   Ž . 2 a 2n , 2b 2n , and 2k  2 a 2b . These in turn give a n ,
  Ž .b n , and k  a b , thus establishing the claim.
  Ž .Using the idea of 6, Proposition 3.3 , we have for R End U XT
a b Ž .a Ž .bthat R 
 R as right R-modules if and only if U X 
 U X as
left T-modules. Thus the claim shows that R is a ring with the property
a b    Ž .that if R 
 R , then a n , b n , and k  a b . As a result, we
Ž  .conclude that the type of R is n , k .
Claim. If a, b are positive integers such that U a
U b as left T-mod-
ules, then a b. Analogously, if a, b are positive integers such that
X a
 X b as left T-modules, then a b.
We verify this second claim by methods similar to those used above.
Specifically, we define the semigroup homomorphism  from M to Z by
Ž . Ž . Ž . Ž .linearly extending  u  1,  x 1,  w  2, and  y 2.
Now if au bu in M, then by applying  we get a b in Z. Similarly, if
ax bx in M then applying  gives ab, so that a b in Z. Thus
the second claim is established.
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Finally, we complete the proof of Theorem A by showing that R has0
  Ž .IBN. Again invoking 6, Proposition 2.3 , we have for R  End U thatU T
Ra 
 Rb as right R -modules if and only if U a
U b as left T-modules. AU U U
Ž .similar statement holds for the ring R  End X and left T-module X.X T
Ž . Ž .Thus the claim shows that each of the rings End U and End X hasT T
Ž . Ž .invariant basis number. But then R 
 End U  End X also has0 T T
 invariant basis number by 3, Theorem 3 , and we are done.
 Having put to rest the question posed in 6 regarding invariant basis
number and types for strongly graded rings, we now turn our attention to
the situation in which both R and R are non-IBN rings. By employing0
some number-theoretic chicanery made possible by the results of Leavitt
 3 , we show in Theorem B that, in this setting, ‘‘anything that can happen,
does happen.’’
 In addition to the theorem 3, Theorem 2 described in the Introduction,
 we will need the following two results. First, by 3, Theorem 3 , if T has
Ž .  Ž   . type a, b and T has type a , b , then the type of T T is
Ž Ž . Ž ..   Ž .max a, a , l.c.m. b, b . Second, by 3, Theorem 8 , for any pair a, b of
Ž .positive integers there exists a ring T having type a, b .
Ž   .We note that for any pair n , k of positive integers there exists a ring
R which is strongly graded by Z in such a way that both R and R each2 0
Ž  .have type n , k . To find such an example, we start with a ring S of type
Ž   .n , k and let R be the group ring SZ . Then R is strongly graded by Z ,2 2
and R  S. Since there are unit-preserving ring homomorphisms from R0 0
Ž . Ž .to R the inclusion map and from R to R the trace map , an application0
 of 3, Theorem 2 yields that the type of R and the type of R must be0
equal.
The proof of Theorem B relies heavily on the following special case.
Ž .PROPOSITION. Let n, k be any pair of positie integers. Then there exists
Ž .a ring R of type 1, 1 such that R is strongly graded by Z and R has type2 0
Ž .n, k .
Proof. By the observation made in the preceding paragraph, the propo-
Ž . Ž .sition is valid in the case n, k  1, 1 . Now assume that nk 1  0. Let
Ž . Ž .T be a ring of type n, k , and let R be the matrix ring M T . Since innk
particular we have that T nk
 T 2 nk, we conclude that R1
 R2, whichT T R R
Ž .in turn gives that the type of R is 1, 1 . We now grade R by Z by setting2
0 T
.. 0 .M T .Ž .nk1 ..R  and R  .0 1
T0  0 0
T  T 00  0 T
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Ž .It is straightforward to show for any ring T that this gives a strong
Žgrading of R by Z . Indeed, this matrix construction represents the2
prototypical example of a strongly graded ring that is not a skew group
  . Ž .ring, as described in 5, p. 18 . If n , k denotes the type of R , then the0 0 0
Žexistence of identity-preserving ring homomorphisms from R to T pro-0
. Ž .jection into the bottom right corner and from T to R the diagonal map0
Ž . Ž .ensures as above that n , k  n, k . This establishes the proposition.0 0
Ž  .THEOREM B. Let n , k be any pair of positie integers. For any pair
Ž .  n, k of integers for which n  n and k  k there exists a ring R of type
Ž   . Ž .n , k such that R is strongly graded by Z and R has type n, k .2 0
Proof. Let T be a ring which is strongly graded by Z , for which the2
Ž . Ž .type of T is 1, 1 , and the type of T is n, k . The existence of such a ring0
Ž  . is ensured by the proposition. For the given pair n , k let T be a ring
  Ž  .which is strongly graded by Z , such that both T and T have type n , k .2 0
Such a ring T  exists as noted prior to the proposition.
Let R T T . So R is strongly graded by Z , using the component-2
wise grading. In particular, R 
 T  T  . Then the type of R is0 0 0
Ž Ž  . Ž  .. Ž   .max 1, n , l.c.m. 1, k  n , k , while the type of R is0
Ž Ž . Ž .. Ž .max n, n , l.c.m. k, k  n, k . Thus R is a ring having the desired
properties.
It is not hard to show that results analogous to Theorems A and B hold
with any finite group G taking the place of Z . Indeed, even broader2
 generalizations of these theorems can be found in 4 .
We finish by noting that the results in this article provide evidence that
the theory of strongly graded rings differs significantly from the theory of
skew group rings. Specifically, if R is the skew group ring R G associ-e
ated with an action of the group G as automorphisms on the ring R , thene
the argument used in the observation made prior to the proposition can be
easily modified to show that either R and R have IBN, or R and R havee e
equal types.
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